Abstract. All rings are commutative with 1 = 0. The purpose of this paper is to investigate the concept of weakly n-absorbing ideals generalizing weakly 2-absorbing ideals. We prove that over a u-ring R the Anderson-Badawi's conjectures about n-absorbing ideals and the Badawi-Yousefian's question about weakly 2-absorbing ideals hold.
Introduction
Throughout this paper all rings are commutative with a nonzero identity.
Recall from [2] that a proper ideal I of a commutative ring R is said to be a weakly prime ideal of R if whenever a, b ∈ R and 0 = ab ∈ I, then either a ∈ I or b ∈ I. Badawi in [4] generalized the concept of prime ideals in a different way. He defined a nonzero proper ideal I of R to be a 2-absorbing ideal of R if whenever a, b, c ∈ R and abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I. Anderson and Badawi [3] generalized the concept of 2-absorbing ideals to n-absorbing ideals. According to their definition, a proper ideal I of R is called an n-absorbing (resp. strongly n-absorbing) ideal if whenever a 1 · · · a n+1 ∈ I for a 1 , . . . , a n+1 ∈ R (resp. I 1 · · · I n+1 ⊆ I for ideals I 1 , . . . , I n+1 of R), then there are n of the a i 's (resp. n of the I i 's) whose product is in I. Thus a strongly 1-absorbing ideal is just a prime ideal.
Clearly a strongly n-absorbing ideal of R is also an n-absorbing ideal of R.
Anderson and Badawi conjectured that these two concepts are equivalent, e.g., they proved that an ideal I of a Prüfer domain R is strongly n-absorbing if and only if I is an n-absorbing ideal of R, [3, Corollary 6.9] . They also gave several results relating strongly n-absorbing ideals. The concept 2-absorbing ideals has another generalization, called weakly 2-absorbing ideals, which has studied in [5] . A proper ideal I of R to be a weakly 2-absorbing ideal of R if whenever a, b, c ∈ R and 0 = abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I.
Generally, we say that a proper ideal I of R is called a weakly n-absorbing (resp. strongly weakly n-absorbing) ideal if whenever 0 = a 1 · · · a n+1 ∈ I for a 1 , . . . , a n+1 ∈ R (resp. 0 = I 1 · · · I n+1 ⊆ I for ideals I 1 , . . . , I n+1 of R), then there are n of the a i 's (resp. n of the I i 's) whose product is in I. Clearly a strongly weakly n-absorbing ideal of R is also a weakly n-absorbing ideal of R. In [13] , Quartararo et al. said that a commutative ring R is a uring provided R has the property that an ideal contained in a finite union of ideals must be contained in one of those ideals. They show that every Bézout ring is a u-ring. Moreover, they proved that every Prüfer domain is a u-domain.
In section 2, we give some basic properties of weakly n-absorbing ideals.
For example, we show that I is a weakly n-absorbing ideal of an integral domain R if and only if I, X is a weakly n-absorbing ideal of R [X] . If I is a secondary ideal of a ring R and J is a weakly n-absorbing ideal of R, then I ∩ J is secondary. Let I be a weakly n-absorbing ideal of R that is not an n-absorbing ideal. Then √ I = Nil(R), and also if w ∈ Nil(R), then either w n ∈ I or w n−i I i+1 = {0} for every 0 ≤ i ≤ n − 1.
In section 3, we prove that if R is a ring and n is a positive integer such that every proper ideal of R is a weakly n-absorbing ideal of R, then dim(R) = 0, R has at most n + 1 prime ideals that are pairwise comaximal, and Jac(R) n+1 = 0. Let (R 1 , M 1 ), . . . , (R s , M s ) be quasi-local commutative rings and let R = R 1 × · · · × R s . If every proper ideal of R is a weakly n-absorbing ideal of R, then M n 1 = M n 2 = · · · = M n s = {0}. Moreover we show that every proper ideal of a decomposable commutative ring R = R 1 × R 2 × · · · × R n+1 is a weakly n-absorbing ideal of R if and only if all of R i 's are fields.
In section 4, we investigate the following conjectures of Anderson and Badawi [3] : Conjecture 1. Let n be a positive integer. Then a proper ideal I of a ring R is a strongly n-absorbing ideal of R if and only I is an n-absorbing ideal of R.
Conjecture 2. Let n be a positive integer, and let I be an n-absorbing ideal of a ring R. Then ( √ I) n ⊆ I.
In [3] , they proved that Conjecture 1 implies Conjecture 2. Also, they show that if R is a Bézout ring and I is an n-absorbing ideal of R such that √ I is a prime ideal of R, then ( √ I) n ⊆ I. For n = 2, Badawi [4] shows that these two conjectures hold. In the case where R is a u-ring, we show that these conjectures hold. In [5] , Badawi and Yousefian offered a question as follows:
Question. Let I be a weakly 2-absorbing ideal of R. Is I a strongly weakly 2-absorbing ideal of R?
Regarding this question we will prove that for an arbitrary positive integer n, a weakly n-absorbing ideal I of a u-ring R is a strongly weakly n-absorbing ideal of R.
Properties of weakly n-absorbing ideals
Let n be a positive integer. It is obvious that any n-absorbing ideal of a ring R is a weakly n-absorbing ideal of R, also the zero ideal is a weakly n-absorbing ideal of R, by definition. Therefore I = {0} is a weakly nabsorbing ideal of the ring Z 2 n+1 , but it is easy to see that I is not an n-absorbing ideal of Z 2 n+1 .
Consider elements a 1 , . . . , a n and ideals I 1 , . . . , I n of a ring R. Throughout this paper we use the following notations: a 1 · · · a i · · · a n : i-th term is excluded from a 1 · · · a n .
Similarly; I 1 · · · I i · · · I n : i-th term is excluded from I 1 · · · I n .
Moreover, Nil(R) denotes the ideal of nilpotent elements of R.
Theorem 2.1. Let R be a ring and let m and n be positive integers.
(1) A proper ideal I of R is a weakly n-absorbing ideal if and only if whenever 0 = x 1 · · · x m ∈ I for x 1 , . . . , x m ∈ R with m > n, then there are n of the x i 's whose product is in I.
(2) If I is a weakly n-absorbing ideal of R, then I is a weakly m-absorbing ideal of R for all m ≥ n.
(3)
If I i is a weakly n i -absorbing ideal of R for each 1 ≤ i ≤ k, then
In particular, if P 1 , . . . , P n are weakly prime ideals of R, then P 1 ∩ · · · ∩ P n is a weakly n-absorbing ideal of R.
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(4) If P 1 , . . . , P n are weakly prime ideals of R that are pairwise comaximal ideals, then I = P 1 · · · P n is a weakly n-absorbing ideal of R.
Proof. The proof of (1) and (2) are routine, so it is left out.
(3) Let a 1 , . . . , a n+1 ∈ R such that 0 = a 1 · · · a n+1 ∈ I 1 ∩ · · · ∩ I k . Since I i 's are weakly n i -absorbing, then, for each 1 ≤ i ≤ k, there exist inte-
(4) is a direct consequence of (3).
Proposition 2.2. Let I be a proper ideal of a ring R. Then the following conditions are equivalent:
(1) I is strongly weakly n-absorbing;
(2) For any ideals I 1 , . . . , I n+1 of R such that
implies that there are n of I i 's whose product is in I.
(2) ⇒ (1) Let J, I 2 , . . . , I n+1 be ideals of R such that 0 = JI 2 · · · I n+1 ⊆ I.
Then we have that 0 = (J +I)
Set I 1 := J + I. Then, by hypothesis I 2 · · · I n+1 ⊆ I or there exists 2 ≤ i ≤ n + 1 such that (J + I)I 2 · · · I i · · · I n+1 ⊆ I. Therefore, I 2 · · · I n+1 ⊆ I or there exists 2 ≤ i ≤ n + 1 such that JI 2 · · · I i · · · I n+1 ⊆ I. So I is strongly weakly n-absorbing.
Theorem 2.3. Let R be a commutative ring and J be a weakly n-absorbing ideal of R.
(1) If I is an ideal of R with I ⊆ J, then J/I is a weakly n-absorbing ideal of R/I.
(2) If T is a subring of R, then J ∩ T is a weakly n-absorbing ideal of T .
(3) If S is a multiplicatively closed subset of R with J ∩ S = ∅, then J S is a weakly n-absorbing ideal of R S .
Proof.
As J is a weakly n-absorbing ideal of R, we have n 4 of a i 's whose product is in J. Then there are n ofā i 's whose product is in J.
(2) It's obvious.
a n+1 ∈ R and s 1 , s 2 , . . . , s n+1 ∈ S and
So we have (vua 1 )a 2 · · · a n+1 ∈ J \ {0} but the product of (vua 1 ) with n − 1 of a i 's for 2 ≤ i ≤ n + 1 is not in J. So we conclude
Theorem 2.4. Let I ⊆ J be proper ideals of a ring R. If I is a weakly n-absorbing ideal of R and J/I is a weakly n-absorbing ideal of R/I, then J is a weakly n-absorbing ideal of R.
Proof. Suppose that I is a weakly n-absorbing ideal of R and J/I is a weakly n-absorbing ideal of R/I. Let 0 = a 1 · · · a n+1 ∈ J where a 1 , . . . , a n+1 ∈ R, so (a 1 + I) · · · (a n+1 + I) ∈ J/I. If a 1 · · · a n+1 ∈ I, then for some 1 ≤ i ≤ n + 1,
is a weakly n-absorbing ideal of R/I. So a 1 · · · a i · · · a n+1 ∈ J. Consequently J is a weakly n-absorbing ideal of R.
Theorem 2.5. Let I be an ideal of an integral domain R. Then I, X is a weakly n-absorbing ideal of R[X] if and only if I is a weakly n-absorbing ideal of R.
Proof. By Theorem 2.3(1), Theorem 2.4 and regarding the isomorphism
Proposition 2.6. Let I be a weakly primary ideal of a ring R, and let ( √ I) n ⊆ I for some positive integer n (for example, if √ I is a finitely generated ideal). Then I is a weakly n-absorbing ideal of R.
Proof. Let 0 = a 1 · · · a n+1 ∈ I for a 1 , . . . , a n+1 ∈ R. If one of the a i 's is not in √ I, then the product of the other a i 's is in I, since I is weakly primary.
Thus we may assume that every a i is in √ I. Since ( √ I) n ⊆ I, we have a 1 · · · a n ∈ I. Hence I is a weakly n-absorbing ideal of R.
Remark 2.7. Let R be a ring such that its zero ideal is n-absorbing (e.g., let R be an integral domain). Then every weakly n-absorbing ideal of R is an n-absorbing ideal.
Let M be an R-module. We say that M is secondary precisely when M = 0 and, for each r ∈ R, either rM = M or there exists n ∈ N such that r n M = 0. When this is the case, P := (0 : R M ) is a prime ideal of R: in these circumstances, we say that M is a P -secondary R-module. A secondary ideal of R is just a secondary submodule of the R-module R (see [10] ).
Theorem 2.8. Let I be a secondary ideal of a ring R. If J is a weakly n-absorbing ideal of R, then I ∩ J is secondary.
Proof. Let I be a P -secondary ideal of R, and let a ∈ R. If a ∈ P = (0 : R I), then clearly a ∈ (0 : R I ∩ J). If a / ∈ P , then a n / ∈ P , and so a n I = I. We calim that a(I ∩ J) = I ∩ J. Assume that 0 = x ∈ I ∩ J. There is an element b ∈ I such that x = a n b ∈ J. Since J is weakly n-absorbing we have either a n ∈ J or a n−1 b ∈ J. If a n ∈ J, then I = a n I ⊆ J and so a(I ∩ J) = aI = I = I ∩ J. If a n−1 b ∈ J, then x = a n b ∈ a(I ∩ J) and we are done.
A weakly prime ideal P of a ring R is said to be a divided weakly prime ideal if P ⊂ xR for every x ∈ R\P ; thus a divided weakly prime ideal is comparable to every ideal of R.
Theorem 2.9. Let P be a divided weakly prime ideal of a ring R, and let I be a weakly n-absorbing ideal of R with √ I = P . Then I is a weakly primary ideal of R.
Proof. Let 0 = xy ∈ I for x, y ∈ R and y / ∈ P . Then x ∈ P . If y n−1 = 0, then y ∈ √ I = P , which is a contradiction. Therefore y n−1 = 0, and so y n−1 / ∈ P . Thus P ⊂ y n−1 R, because P is a divided weakly prime ideal of R. Hence x = y n−1 z for some z ∈ R. As 0 = y n z = yx ∈ I, y n / ∈ I, and I is a weakly n-absorbing ideal of R, we have x = y n−1 z ∈ I. Hence I is a weakly primary ideal of R.
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Let I be a weakly n-absorbing ideal of a ring R and a 1 , ..., a n+1 ∈ R. We say (a 1 , . . . , a n+1 ) is an (n + 1)-tuple-zero of I if a 1 · · · a n+1 = 0, and for
In the following Theorem a 1 · · · a i · · · a j · · · a n denotes that a i and a j are eliminated from a 1 · · · a n .
Theorem 2.10. Let I be a weakly n-absorbing ideal of a ring R and suppose that (a 1 , . . . , a n+1 ) is an (n + 1)-tuple-zero of I for some a 1 , ..., a n+1 ∈ R.
Then for every
Proof. We use induction on m. Let m = 1 and suppose that
n-absorbing and
Now suppose m > 1 and assume that for all integers less than m the claim holds. Let
. . , x m ∈ I. By induction hypothesis, we conclude that
Hence either
Now we state a version of Nakayama's lemma.
Theorem 2.11. Let I be a weakly n-absorbing ideal of R that is not an n-absorbing ideal. Then
(1) Since I is not an n-absorbing ideal of R, I has an (n + 1)-truplezero (a 1 , . . . , a n+1 ) for some a 1 , . . . , a n+1 ∈ R. Suppose that x 1 x 2 · · · x n+1 = 0 for some x 1 , x 2 , . . . , x n+1 ∈ I. Then by Theorem 2.10 we have
Thus
The following example shows that a proper ideal I of a ring R with I n+1 = {0} need not be a weakly n-absorbing ideal of R.
and I n+1 = {0}, but 2 · · · 2 = 2 n+1 ∈ I and 2 n / ∈ I.
Corollary 2.13. Let R be a ring such that N il(R) is an n-absorbing (resp. a weakly n-absorbing) ideal of R. If I is a weakly n-absorbing ideal of R, then √ I is an n-absorbing (resp. a weakly n-absorbing) ideal of R.
Proof. Assume that Nil(R) is an n-absorbing (resp. a weakly n-absorbing)
ideal of R and I is a weakly n-absorbing ideal of R. If I is an n-absorbing ideal of R, then √ I is an n-absorbing ideal, [3, Theorem 2.1(e)] and so √ I is a weakly n-absorbing ideal. If I is not an n-absorbing ideal of R, then by Theorem 2.11 and by our hypothesis, √ I = Nil(R) which is an n-absorbing (resp. a weakly n-absorbing) ideal.
Theorem 2.14. Let I be a weakly n-absorbing ideal of a ring R that is not n-absorbing and let J be a weakly m-absorbing ideal of R that is not m-absorbing, and n ≥ m. Then I + J is a weakly n-absorbing ideal of R.
In particular,
Proof. By Theorem 2.11, we have
ideal of R. Since (I + J)/J ≃ I/(I ∩ J) and I is weakly n-absorbing, we get 8 that (I + J)/J is a weakly n-absorbing ideal of R/J, by Theorem 2.3(1).
On the other hand J is also weakly n-absorbing, by Theorem 2.1(2). Now, the assertion follows from Theorem 2.4. Finally, by [14, 2. 25(i)] we have
Let R be a ring and M an R-module. A submodule N of M is called a pure submodule if the sequence 0 → N ⊗ R E → M ⊗ R E is exact for every R-module E.
As another consequence of Theorem 2.11 we have the following corollary.
Corollary 2.15. Let R be a ring. Then the following conditions hold:
(1) Every nonzero weakly n-absorbing ideal of R/N il(R) is n-absorbing.
(2) If I is a pure weakly n-absorbing ideal of R that is not n-absorbing,
(3) If R is von Neumann regular ring, then the only weakly n-absorbing ideal of R that is not n-absorbing can only be {0}. (3) Note that every pure ideal is idempotent, and every ideal of a von Neumann regular ring is pure (see [9] ). Theorem 2.16. Let I be a weakly n-absorbing ideal of R that is not an n-absorbing ideal. Then
(2) N n I n = {0}, in which N denotes the ideal of R generated by all the (n − 1)-th powers of elements of N il(R).
Proof. (1) Suppose that w ∈ Nil(R) and w n / ∈ I. We show that for every
We use induction on i. For the first step, fix i = 0. Assume w n I = 0. Let m be the least positive integer such that w m = 0. Then m ≥ n + 1 (w n / ∈ I) and for some x ∈ I we have w n (x + w m−n ) = w n x = 0. Since w n / ∈ I and I is a weakly n-absorbing ideal, then (w n−1 x + w m−1 ) ∈ I. Hence w m−1 ∈ I. On the other hand w m−1 = 0. Therefore w n ∈ I, which is a contradiction. Now, assume that for every 0 ≤ j < i the claim holds. We will show that w n−i I i+1 = {0}.
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Assume that w n−i x 1 x 2 · · · x i+1 = 0. By hypothesis we have
) ∈ I which the first case implies that w n ∈ I, a contradiction, and two other cases imply that w m−1 ∈ I. Now w m−1 = 0 again shows that w n ∈ I, a contradiction.
(2) Let a 1 , . . . , a n ∈ Nil(R). If at least one of the a n i 's does not belong to I, then a 1 · · · a n I n = 0, by part (1). Therefore, a n−1 1 · · · a n−1 n I n = 0. Hence suppose that for every 1 ≤ i ≤ n, a n i ∈ I. Then a 1 · · · a n (a
. . , a n , a n−1 1 + · · · + a n−1 n ) is an (n + 1)-tuple-zero of I, then a 1 · · · a n I = 0, by Theorem 2.10, and hence a n−1 1 · · · a n−1 n I n = 0. If (a 1 , . . . , a n , a n−1 1 + · · · + a n−1 n ) is not an (n + 1)-tuple-zero of I, then we can easily see that there is an 1 ≤ i ≤ n such that a 1 · · · a n−1 i · · · a n ∈ I or a 1 · · · a n ∈ I. Hence a n−1 1 · · · a n−1 n ∈ I, and so a n−1 1 · · · a n−1 n I n = 0, by Theorem 2.11 (1) . Consequently N n I n = {0}. (1) L is a weakly n-absorbing ideal of R;
(2) ⇒ (3) Assume that L is an n-absorbing ideal of R and (a
1 , . . . , a
α1−1 , a
α1+1 , . . . , a
(1)
in which for every 1 ≤ t ≤ n + 1, a
So there are n of (a
Thus the product of n of (a
an n-absorbing ideal of R. Consequently, L is a weakly n-absorbing ideal of R.
Theorem 2.18. Let R = R 1 × · · · × R n where R 1 , . . . , R n are commutative rings with identity. Suppose that I 1 × I 2 × · · · × I n is an ideal of R which I 1 = 0 and for each 1 ≤ i ≤ n − 1, I i is a proper ideal of R i , and for some 2 ≤ i ≤ n, I i is a nonzero ideal of R i . The following conditions are equivalent:
(1) I 1 × I 2 × · · · × I n is a weakly n-absorbing ideal of R;
(2) I n = R n and I 1 × I 2 × · · · × I n−1 is an n-absorbing ideal of R 1 × · · · × R n−1 or I n is a prime ideal of R n and for each 1 ≤ i ≤ n − 1, I i is a prime ideal of R i , respectively;
Proof. (1)⇒(2) Suppose that I 1 × I 2 × · · · × I n is a weakly n-absorbing ideal of R. If I n = R n , then I 1 × I 2 × · · · × I n−1 is an n-absorbing ideal of R 1 ×· · ·×R n−1 , by Theorem 2.17. Assume that I n = R n . Fix 2 ≤ i ≤ n. We show that I i is a prime ideal of R i . Suppose that ab ∈ I i for some a, b ∈ R i . Let 0 = x ∈ I 1 . Then   (x, 1, . . . , 1)(1, . . . , 1,   i−th   a , 1, . . . , 1)(1, . . . , 1,   i−th   b , 1, . . . , 1)(1, 0, 1, . . . , 1, . . . , 1)   (1, 1, 0, 1, . . . , 1, . . . , 1) · · · (1, . . . , 1 and thus either a ∈ I i or b ∈ I i . Consequently I i is a prime ideal of R i . Since for some 2 ≤ i ≤ n, I i is a nonzero ideal of R i , similarly we can show that I 1 is a prime ideal of R 1 .
(2)⇒(3) If I n = R n and I 1 × I 2 × · · · × I n−1 is an n-absorbing ideal of
Theorem 2.17. Now, assume that I n is a prime ideal of R n and for each
i 's are in R i . Then for any 1 ≤ i ≤ n at least one of the a
(3)⇒(1) is obvious. Theorem 2.19. Let R = R 1 × · · · × R n be a commutative ring, and let for every 1 ≤ i ≤ n − 1, I i be a proper ideal of R i such that I 1 = 0 and I n be an ideal of R n . The following conditions are equivalent:
(1) I 1 × · · · × I n is a weakly n-absorbing ideal of R that is not an nabsorbing ideal of R.
(2) I 1 is a weakly prime ideal of R 1 that is not a prime ideal and for every 2 ≤ i ≤ n, I i = {0} is a prime ideal of R i , respectively.
Proof. (1)⇒(2) Assume that I 1 × · · · × I n is a weakly n-absorbing ideal of R that is not an n-absorbing ideal. If for some 2 ≤ i ≤ n we have I i = {0}, then I 1 × · · · × I n is an n-absorbing ideal of R by Theorem 2.18, which contradicts our assumption. Thus for every 2 ≤ i ≤ n, I i = {0}. A proof similar to part (1)⇒ (2) of Theorem 2.18 shows that for every 2 ≤ i ≤ n, I i = {0} is a prime ideal of R i . Now, we show that I 1 is a weakly prime ideal of R 1 . Consider a, b ∈ R 1 such that 0 = ab ∈ I 1 . Note that is a prime ideal of R 1 , since for every 2 ≤ i ≤ n, I i is a prime ideal of R i , it is easy to see that I 1 × · · · × I n is an n-absorbing ideal of R, which is a contradiction.
(2)⇒(1) Suppose that I 1 is a weakly prime ideal of R 1 that is not a prime ideal and for every 2 ≤ i ≤ n, I i = {0} is a prime ideal of R i . Assume that (a 
is an weakly n-absorbing ideal of R. Since I 1 is not a prime ideal of R 1 , there exist elements a, b ∈ R 1 such that ab = 0, but a / ∈ I 1 and b / ∈ I 1 . Hence Since I is a weakly n-absorbing ideal of R, for some 1 ≤ i ≤ n + 1
Then I i = R i , for some 1 ≤ i ≤ n + 1. Hence I Nil(R). Therefore, by Theorem 2.11, I must be an n-absorbing ideal of R. (1) L = I 1 × · · · × I n+1 is a weakly n-absorbing ideal of R;
in which {α 1 , . . . , α j } {1, . . . , n + 1} and
is an n-absorbing ideal of
Since L is a nonzero weakly n-absorbing ideal, L is an nabsorbing ideal of R by Theorem 2.20.
(2)⇒(3) Suppose that L is an n-absorbing ideal of R, then for some 1 ≤ i ≤ n + 1, I i = R i by the proof of Theorem 2.20. Assume that
t is a proper ideal of R t . Fix an I t different from I i with t > i. Let ab ∈ I t for some a, b ∈ R t . In this case Since I 1 × · · · × I n+1 is weakly n-absorbing and I j 's different from I i are proper, then either 
and thus either a ∈ I t or b ∈ I t . Consequently I t is a prime ideal of R t . Now, assume that
Theorem 2.17.
If L is one of the given two forms, then it is easily verified that L is an n-absorbing ideal of R, and hence L is a weakly n-absorbing ideal of R. 
Rings with Property that all Proper Ideals are Weakly
n-absorbing Theorem 3.1. Let R be a ring and n a positive integer such that every proper ideal of R is a weakly n-absorbing ideal of R. Then
(2) R has at most n + 1 prime ideals that are pairwise comaximal, in particular, R has at most n + 1 maximal ideals.
(1) Suppose that dim(R) ≥ 1; so R has prime ideals P ⊂ Q. Choose x ∈ Q\P , and let I = x n+1 R. Then x n ∈ I, since I is a weakly n-absorbing ideal of R and 0 = x n+1 ∈ I. The reminder is similar to the proof of [3,
(2) Suppose that P 1 , . . . , P n+2 are prime ideals of R that are pairwise co-
is not an n-absorbing ideal of R. Hence I is a weakly n-absorbing ideal of R that is not an nabsorbing ideal of R. Thus I n+1 = {0} by Theorem 2.11.
, and thus one of the P i 's, 1 ≤ i ≤ n + 1, is contained in P n+2 , which is a contradiction. Hence R has at most n + 1 prime ideals that are pairwise comaximal.
For a commutative ring R, we denote by J(R) the intersection of all maximal ideals of R. Lemma 3.2. Let R be a commutative ring and x 1 , . . . , x n+1 ∈ J(R). Then the ideal x 1 · · · x n+1 R is a weakly n-absorbing ideal of R if and only if
, then I is a weakly nabsorbing ideal of R. For the converse, assume that I is a weakly n-absorbing ideal of R and x 1 · · · x n+1 = 0. Since x 1 · · · x n+1 ∈ I \ {0}, then there are n of x i ' whose product is in I. We may assume that y = x 1 · · · x n ∈ I. Hence y = yx n+1 b for some b ∈ R and so y(1 − x n+1 b) = 0. Since x n+1 b ∈ J(R), 1 − x n+1 b is a unit of R. Therefore y = 0 and then x 1 · · · x n+1 = 0, which is a contradiction. Hence x 1 · · · x n+1 = 0. Corollary 3.3. Let R be a ring. If every proper ideal of R is weakly nabsorbing, then Jac(R) n+1 = 0, and so Jac(R) = N il(R). Proof. Let I be a proper ideal of R and suppose that 0 = x 1 · · · x n+1 ∈ I for some x 1 , . . . , x n+1 ∈ R. If for some 1 ≤ i ≤ n + 1, x i is invertible, then
there are nonnegative integers α 1 , . . . , α t with α 1 + · · · + α t = n + 1 such
Consequently I is weakly n-absorbing.
As an immediate consequence of Corollary 3.3 and Theorem 3.4 we have the next corollary. Proof. Let I be a proper ideal of R and suppose that x 1 · · · x n+1 ∈ I for some x 1 , . . . , x n+1 ∈ R. By Theorem 3.4, I is a weakly n-absorbing ideal of R.
Hence if x 1 · · · x n+1 = 0, then we are done. Thus assume that x 1 · · · x n+1 = 0. If for some 1 ≤ i ≤ n, x i is invertible, then x 1 · · · x i · · · x n+1 = 0 ∈ I. If for every 1 ≤ i ≤ n, x i is noninvertible, then there are nonnegative integers
Consequently I is n-absorbing.
Corollary 3.7. Let (R, M ) be a quasi-local ring such that M n = {0}. Then every proper ideal of R is n-absorbing. 
Proof. Assume that every proper ideal of R is a weakly n-absorbing ideal.
Take an arbitrary integer 1 ≤ i ≤ s and let a 1 , ..., a n ∈ M i such that a 1 · · · a n = 0. Then
is a weakly n-absorbing ideal of R. So we have (1, . . . , 1, a 1 , 1, . . . , 1) · · · (1, . . . , 1, a n , 1, . . . , 1)(0, . . . , 0, 1, 0, . . . , 0) = (0, . . . , 0, a 1 · · · a n , 0, . . . , 0) ∈ I\{(0, . . . , 0)}.
Since I is weakly n-absorbing, there exists 1 ≤ j ≤ n such that
Then a 1 · · · a j−1 a j+1 · · · a n = a 1 · · · a n b for some b ∈ R i . So a 1 · · · a j−1 a j+1 · · · a n (1−a j b) = 0. As 1−a j b is a unit of R i , we can conclude a 1 · · · a j−1 a j+1 · · · a n = 0, a contradiction. Thus for every 1 ≤ i ≤ s, M n i = {0}.
Theorem 3.9. Let (R 1 , M 1 ) and (R 2 , M 2 ) be quasi-local commutative rings with M n 1 = M n 2 = {0} and let R = R 1 × R 2 . If either R 1 or R 2 is a field, then every proper ideal of R is a weakly n-absorbing ideal of R.
Proof. Let R 2 be a field. Since M n 1 = {0}, so every proper ideal of R 1 is an n-absorbing ideal, by Corollary 3.7. Thus, by Theorem 2.17 the ideal {0} × R 2 is a weakly n-absorbing ideal of R. Since R 2 is a field, the ideal R 1 × {0} is a weakly n-absorbing ideal of R. Now let J be a proper ideal of R 1 such that J = {0}. Then J is an n-absorbing ideal of R 1 and so J × R 2 is a weakly n-absorbing ideal of R, by Theorem 2.17. At last, we show that I = J × {0} is a weakly n-absorbing ideal of R. Assume that (a 1 , b 1 ) · · · (a n+1 , b n+1 ) ∈ I \ {(0, 0)} such that a 1 , . . . , a n+1 ∈ R 1 and b 1 , . . . , b n+1 ∈ R 2 . Since 0 = a 1 · · · a n+1 ∈ J and M n 1 = {0}, then at least two of the a i 's are not in M 1 , say a n and a n+1 . Since a n and a n+1 are unites of R 1 and a 1 · · · a n+1 ∈ J we conclude that a 1 · · · a n−1 ∈ J. On the other hand, R 2 is a field and b 1 · · · b n+1 = 0, at least one of the b i 's is equal to 0, say b n+1 = 0. Hence (a 1 , b 1 ) · · · (a n−1 , b n−1 )(a n+1 , 0) ∈ I. Therefore I is a weakly n-absorbing ideal of R. Proof. Assume that every proper ideal of R is a weakly n-absorbing ideal of R and one of the R i 's is not a field. Now we may assume that R 1 is not a field. Hence R 1 has a proper ideal. Say J such that J = {0}. So the ideal I = J × {0} × · · · × {0} of R is a weakly n-absorbing ideal. Let a ∈ J such that a = 0. Then   (a, 1, . . . , 1)(1, 0, 1, . . . , 1)(1, 1, 0, 1 (c) For every t ideals I 1 , . . . , I t , 0 ≤ t ≤ n, and for every elements x 1 , . . . , x n−t ∈ R such that x 1 · · · x n−t I 1 · · · I t I,
(d) For every t ideals I 1 , . . . , I t , 0 ≤ t ≤ n, and for every elements x 1 , . . . , x n−t ∈ R such that x 1 · · · x n−t I 1 · · · I t I,
(b)⇒(c) We use induction on t. For t = 0, consider elements x 1 , . . . , x n ∈ R such that x 1 · · · x n / ∈ I. We show that
. Now suppose t > 0 and assume that for integer t − 1 the claim holds.
Let x 1 , . . . , x n−t be elements of R and let I 1 , . . . , I t be ideals of R such that for some 1 ≤ i ≤ n. Now, easily we can see that I is strongly n-absorbing. Remark 4.2. Note that in Theorem 4.3, for the case n = 2 we can omit the condition u-ring, by the fact that if an ideal (a subgroup) is the union of two ideals (two subgroups), then it is equal to one of them.
In the next theorem we investigate weakly n-absorbing ideals over u-rings.
Notice that any Bézout ring is a u-ring, [13 (a) I is strongly weakly n-absorbing; (b) I is weakly n-absorbing; (c) For every t ideals I 1 , . . . , I t , 0 ≤ t ≤ n, and for every elements x 1 , . . . , x n−t ∈ R such that x 1 · · · x n−t I 1 · · · I t I, (d) For every t ideals I 1 , . . . , I t , 0 ≤ t ≤ n, and for every elements x 1 , . . . , x n−t ∈ R such that x 1 · · · x n−t I 1 · · · I t I, (I : R x 1 · · · x n−t I 1 · · · I t ) = (I : R x 1 · · · x i · · · x n−t I 1 · · · I t ) for some 1 ≤ i ≤ n − t or (I : R x 1 · · · x n−t I 1 · · · I t ) = (I : R x 1 · · · x n−t I 1 · · · I j · · · I t ) for some 1 ≤ j ≤ t or (I : R x 1 · · · x n−t I 1 · · · I t ) = (0 : R x 1 · · · x n−t I 1 · · · I t ).
Proof. (a)⇒(b) It is clear.
Let a ∈ (I : R x 1 · · · x n ), so x 1 · · · x n a ∈ I. Assume that x 1 · · · x n a = 0. Since x 1 · · · x n / ∈ I, then for some 1 ≤ i ≤ n we have x 1 · · · x i · · · x n a ∈ I, i.e., a ∈ (I : R x 1 · · · x i · · · x n ). Consequently
Now suppose t > 0 and assume that for integer t − 1 the claim holds.
Let x 1 , . . . , x n−t be elements of R and let I 1 , . . . , I t be ideals of R such that x 1 · · · x n−t I 1 · · · I t I. Consider element a ∈ (I : R x 1 · · · x n−t I 1 · · · I t ). Thus I t ⊆ (I : R x 1 · · · x n−t aI 1 · · · I t−1 ). By hypothesis (I : R x 1 · · · x n−t aI 1 · · · I t−1 ) = (I : R x 1 · · · x i · · · x n−t aI 1 · · · I t−1 ) for some 1 ≤ i ≤ n − t or (I : R x 1 · · · x n−t aI 1 · · · I t−1 ) = (I : R x 1 · · · x n−t aI 1 · · · I j · · · I t−1 ) for some 1 ≤ j ≤ t − 1 or (I : R x 1 · · · x n−t aI 1 · · · I t−1 ) = (0 : R x 1 · · · x n−t aI 1 · · · I t−1 ). Consequently either a ∈ (I : R x 1 · · · x i · · · x n−t I 1 · · · I t−1 I t ) for some 1 ≤ i ≤ n − t or a ∈ (I : R x 1 · · · x n−t I 1 · · · I j · · · I t−1 I t ) for some 1 ≤ j ≤ t − 1 or a ∈ (0 : R x 1 · · · x n−t I 1 · · · I t ). Hence is strongly weakly n-absorbing.
